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Abstract. Index maps taking value in the ii'-theory of a mapping cone are de- 
fined and discussed. The resulting index theorem can be view in analogy with 
the Freed-Melrose index theorem. The framework of geometric iC-homology 
is used in a fundamental way. In particular, an explicit isomorphism from a 
geometric model for /C-homology with coefficients in a mapping cone, C^, to 
KK(C(X),C^) is constructed. 



1. Introduction 

The Baum-Douglas or {M, E, f) model for /-iT-homofogy is a fundamental tool in 
the study of index theory. Since its introduction in [T] , it has been used to study 
both classical and exotic index theory. In particular, it is useful to construct variants 
of the Baum-Douglas model which are associated to various index problems; for 
example, models associated to non-integer valued index maps are of interest. We 
refer to the Baum-Douglas model and its variants as geometric models. 

Before introducing our main results, we briefly review the construction of the 
Baum-Douglas model. The reader can find further details in any of [U HI [3l [6]. 
Let X denote a finite CW-complex. A cycle in the Baum-Douglas model is a 
triple, {M,E^ f), where M is a compact spin'^-manifold, E is vector bundle, and 
f : M ^ X \s a. continuous map. A Z/2-graded abelian group, Kt^°{X), is ob- 
tained by taking equivalence classes of (isomorphism classes) of cycles; the relevant 
equivalence relation is generated by disjoint union/direct sum, bordism, and vector 
bundle modification. Furthermore, each part of such a cycle gives an element in 
KK-iheoiy. These classes are 

(1) the class of the Dirac operator associated to the spm'^-structure on M, 
[D] e KK*{C{M),C); 

(2) the class associated to the vector bundle, [[E]] e KK^{C{M),C{M)); 

(3) the class associated to the *-homomorphism obtained from the continuous 
function, [/] G KK°{C{X),C{M)); 

Combining these classes leads to a natural map to analytic iC-homology; more 
precisely, let 

^i : {M,EJ) ^ [/] ®c(M) m] ®c(M) [D] 

This map is an isomorphism that vastly generalizes the Atiyah-Singer index theo- 
rem. In particular, the Atiyah-Singer index theorem for compact spm'^-manifold is 
encoded in the following commutative diagram: 
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Kr{X) > KK*{C{X), C) 




where indtop is the topological index map and c* is the map on if X-theory obtained 
from the unital inclusion of the complex numbers into C{X). 

The setup for our results is as follows. As above, let X be a finite CW-complex. 
In addition, let </> ; _Bi — > i?2 be a unital *-homomorphism between unital C*- 
algebras and be the mapping cone of 4>. In [5], a geometric model (via Baum- 
Douglas type cycles) of KK*{C{X),Cfi,) was constructed. The starting point for 
this construction was not only the work of Baum and Douglas [1] [2], but also 
Higson and Roe f9|. The particular case when </> is the unital inclusion of the 
complex numbers into a Ili-factor is relevant for M/Z-valued index theory; since 
Kq{N) ^ M, the map at the level of if-theory is the inclusion of the integers into the 
reals. Further motivation for the construction of this particular geometric model 
can be found in the introduction of |5j. 

Let Kf:{X\ (p) denote the group defined using these geometric cycles; precise def- 
initions of the cycles and this group are given in Definitions 12.31 and 12.101 The iso- 
morphism from K^,{X; (j)) to K K* {C {X) , C^) considered in [5j was rather indirect. 
One of the goals of the current paper is the construction of an explicit isomorphism; 
this map is analogous to the map /i introduced above. It is constructed via neat 
embeddings of manifolds with boundary into half-spaces. As such, in the case when 
X is a point, it can be viewed as analgous to the classical topological index map. 
We obtain a commutative diagram (see Corollarv l3.12|) 

K,(X-<P) >KK*{C(X),SC^) 




where now denotes the isomorphism constructed in this paper, c* is the map on 
if if -theory induces from the *-homomorphism c : C — s> C(X), and indtop is the 
topological index map defined in this paper. 

There is also an analytic index map defined under the condition that Ki{Bi) = 0. 
This rather restrictive condition is used to ensure that the higher Atiyah-Patodi- 
Singer index can be defined. It is satisfied in the special case when (j) is the unital 
inclusion of the complex number into a Ili-factor and for other examples used to 
model geometric if-homology with coefficients (see (S] Example 5.3]). The equality 
of the two index maps is the content of Theorem 14.71 

This index theorem is analgous to the Freed-Melrose index theorem [71 [5]. As the 
reader may recall, the Freed-Melrose index theorem provides a topological formula 
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for the mod k reduction of the mdex of the Dirac operator with the Atiyah-Patodi- 
Singer boundary conditions on a compact spin'^ Z/fcZ-manifold. The reader can find 
more details on Z/ZcZ-manifolds and this index theorem in [71 [5] ■ Even though the 
Atiyah-Patodi-Singer index is not a topological invariant, it is possible for manifolds 
with specific geometry data on the boundary to have a topological invariant related 
to this index. Theorem l4.7l is also of this form since the analytic index is the image 
of the higher Atiyah-Patodi-Singer index in the X-theory of the mapping cone. 

An informal discussion to further articulate the similarities between these index 
theorems seems in order. One can informally think of the specific geometric data 
on the boundary limiting the 'jumps' in the value of the index associated to Atiyah- 
Patodi-Singer boundary problem caused by varying the metric. In the case of the 
Freed-Melrose index theorem, these 'jumps' are multiples of k and hence make no 
contribution to the mod k reduction of the index. In the case considered here, these 
'jumps' are in the if-theory of Bi or somewhat more precisely in the image of the 
map 0* : Ko{Bi) Kq{B2). As such, by exactness, they make no contribution 
to the index as an element of Ki{C^). In the case of the inclusion of the complex 
numbers into a Ili-factor, the 'jumps' are integers while the index takes values in 
R/Z. 

The prerequisites for the paper are as follows. We assume the reader is familiar 
with the Baum-Douglas model for if-homology and the basic properties of Hilbert 
C*-module bundles. Details on the former can be found in any of [3l [H [15l [19]. 
For the latter, we have followed ^16\ (in particular, see Section 2). In Section lU 
properties of the higher Atiyah-Patodi-Singer index theory (see [14] and references 
therein for details) are used. A number of the constructions considered here require 
the framework of K K-theoiy (see for example, [10 ). In particular, we generalize a 
number of constructions from [4J to our setting. 

Throughout the paper, Bi and B2 denote unital C*-algebras, (j) : Bi ^ B2 & 
unital *-homomorphism, and X a finite CW-complex. If B is a unital C*-algebra, 
then the C* -algebra of continuous i?- valued function on X is denoted by C{X^ B) 
and the Grothendieck group of (isomorphism classes of) finitely generated projective 
Hilbert B-modulc bundles over X is denoted by K'^^X-jB). It is well-known (for 
example, [lH Proposition 2.17]) that 

K°{X: B) = Ko{C{X, B)) = Kq{C{X) ® B) 

A number of index theorems are required during the paper. Subscript notation is 
used to clarify which index is in use. For example, the topological index is denoted 
by indtop, while the higher Atiyah-Patodi-Singer index is denoted by indAPS- Sub- 
script notation is also used in the case of Dirac type operators to specify which 
manifold it is acting on and if it is twisted by a vector (or Hilbert C*-algebra 
module) bundle. 

2. Review of the geometric model 
We review the constructions and main results of [5] . 

Definition 2.1. Let W he a, locally compact space, Z a closed subspace of VF, and 
<j) : Bi ^ B2 s. unital *-homomorphism between unital C*-algebras. Then 

C*[W, Z- 0) := {(/, g) G Co{W, B^) ® Co{Z, B,) \f\z = <f>og} 
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As the notation suggests, C*{W,Z;(j>) is a C*-algebra; it fits into the following 
puUback diagram: 

C*(W,Z;</.) > C{Z,B,) 

<!', 

CiW,B2) C{Z,B2) 
A prototypical example is the case when W is a manifold with boundary and 
Z = dW. In particular, the mapping cone of (j) (denoted by C^) is an example; 
it is obtained by taking W = [0, 1) and Z = pt. The JCo-group of C*{W, Z; 4>) is 
denoted by K"{W, Z](j)). li g -.W W is a continuous map such that g{Z) C Z' , 
then we obtain a *-homomorphism, g : C* {W , Z' •,(!)) C* {W, Z ; (j)) and hence a 
map at the level of i^-theory groups. We also have a K° {W)-module structure on 
K°{W, Z; (j)) obtained via 

9 ■ {fw,fz) ■■= {g • fw,g\z ■ fz) 

where g G C{W) and {fw, fz) e C*{W, Z; cf>). 
Definition 2.2. Cycles with vector bundle data 

A cycle (over X with respect to cj) using bundle data) is given by, {W, {Eb^ , Fbi , ct), /), 
where 

(1) is a smooth, compact spin'^-manifold with boundary; 

(2) is a smooth finitely generated projective Hilbert B2-module bundle 
over W; 

(3) is a smooth finitely generated projective Hilbert -Bi-module bundle 

over dW; 

(4) a : EB2\dw — <t^*{FBi) := Fb^ -B2 is an isomorphism of Hilbert B2- 
module bundles; 

(5) / : W — >■ X is a continuous map. 

Definition 2.3. Cycles with if-theory data 

A cycle (over X with respect to (p using ii'-thcory data) is a triple, (W, ^, /), where: 

(1) is a smooth, compact spm'^- manifold with boundary; 

(2) ^GK'^{W,dW;(P); 

(3) / : — >■ X is a continuous map. 

The manifold, W, in a cycle need not be connected. As such, a cycle is called 
even (resp. odd), if each of its connected components are even (resp. odd) di- 
mensional. We also let ^gw and denote the images of (, under the maps 
Pi : K°{W,dW;(/)) K'^{dW;Bi) and P2 : K'^{W,dW;(l)) K°{W;B2) respec- 
tively. 

The opposite of a cycle, (W, ^, /) is the same data only W is given the opposite 
spm '^-structure. It is denote by —{W,^,f). The disjoint union of cycles, (W, ^, /) 
and {W, ^, /) is given by the cycle: 

{W\JW,^OlfOf) 

Two cycles, {W, ^, /) and {W, ^, /) are isomorphic if there exists a difFeomorphism, 
h : W ^ W such that h preserves the spm'^-structure, h*{^) = and f oh = f. 
Throughout, a "cycle" more precisely refers to an isomorphism class of a cycle. 
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Definition 2.4. A regular domain, Y, of a manifold M is a closed submanifold of 
M such that 

(1) int(y) ^ 0; 

(2) If p G dY, then there exists coordinate chart of M, (p : U ^ R" centered 
at p such that n C/) = {x e </>([/) | x„ > 0}. 

Definition 2.5. A bordism (with respect to X and (p) is given by {Z, W, r], g) where 

(1) Z is a compact spm'^-manifold with boundary; 

(2) W C dZ is a regular domain; 

(3) T] G K"{Z,dZ -ini{W);(l)); 

(4) g : W —i' X is a. continuous map. 

Remark 2.6. The "boundary" of a bordism, {Z,W,ri, F), is givenhy {W,r]\w , g\w)- 
The fact that is a regular domain of dW ensures the boundary is indeed a cycle 
in K^,{X;(j)). Moreover, if {W,^,f) is a boundary in the sense of Definition 12. 5[ 
then {dW,^Bi, f\dw) is a boundary as a cycle in Kt:{X;Bi). 

Definition 2.7. Two cycles are bordant if there exists bordism with boundary 
isomorphic to {W, ^, /)U — {W , /'). This relation is denoted by 

Definition 2.8. Let {W, ^, /) be a cycle and V a spm'^-vector bundle of even rank 
over W. Then the vector bundle modification of {W, ^, /) by V is defined to be: 

where 

(1) 1 is the trivial real line bundle over W (i.e., W x R); 

(2) = S{V © 1) (i.e., the sphere bundle of F © 1); 

(3) Pv is the "Bott element" in K°{W^) (see ^15, Section 2.5]); 

(4) (g)c denotes the i^r" (PF^)-module structure of K°(W^,dW^; 0); 

(5) TT : W is the bundle projection. 

The vector bundle modification of {W, ^, /) by V is often denoted by {W, ^, f)^. 

Remark 2.9. If {W,(,,f) is a cycle and is a spm"^- vector bundle of even rank 
over W, then {dW,^B,, fldwV^""^ = d{W,tf)^. 

Definition 2.10. Let ^ be the equivalence relation generated by bordisms and 
vector bundle modification (i.e., {W,£,,f) ~ {W,^,f)^, for any even rank spin'^- 
vector bundle, V , over W). Also let 

K,{X-4>) = {{W,tf)}/ - 

The grading is given as follows. A cycle {W, ^, /) is said to be even (resp. odd) 
if the connected components of W are all even (resp. odd) dimensional. Then, 
K{){X\(I)) is even cycles modulo ^ and Ki{X;(p) is likewise only with odd cycles. 
Note that the relation ~ preserves this grading. 

Proposition 2.11. Ki,(X;(j)) with the operation of disjoint union is an abelian 
group. The unit is given by the trivial (i.e., empty cycle) and the inverse of a cycle 
is given by take its opposite. 

Theorem 2.12. If X is a finite CW-complex, then the following sequence is exact: 
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Ki{X;cb) Ki{X;B2) K^iX-B^) 

where the maps are defined as follows: 

(1) : K^(X;Bi) K^{X;B2) takes a Bi-cycle (M^Fb.J) to the B2-cycle 

{m,mfb,)J). 

(2) r : K4X;B2)^K,{X;(j)) takes a cycle {M,Eb,J) to {M,{Eb,,%,^)J). 

(3) 5 : K^{X-(j)) ^ K^+i{X;Bi) takes a (jj-cycle {W, (Eb^, FB^,a)J) to the 
Bi=cycle idW,FB,, f\dw)- 

3. An index map via the mapping cone and imbeddings 

Let i7" = {{xi, . . . ,Xn) £ R" I Xn > 0}. The next lemma is a consequence of 
Bott periodicity and the definitions of the objects involved; its proof is left to the 
reader. 

Lemma 3.1. Let fc G N and X a finite CW-complex. Then 

KK^{C{X),C*{H'^^,'R^^-^ ■(!))) ^ KK^{C{X),SC^) 
i^i^"(C(X),C*(i/2fc+\R2fc.0)) KK''{C{X),C^) 

In particular, i^0(ij2fe,R2fc-i; 0) ^ K^(SC^) and K" {H^''+\R^'' ; </>) = K^{C^). 

Definition 3.2. Let W and W be spm'^-manifolds with boundary with dimensions 
equal mod two and i -.W ^ W a -RT-oriented neat embedding. The push-forward 
map induced by i (denoted i\) is given by the composition of the Thom isomor- 
phism and the map given by identifying the normal bundle associated with i with 
a neighbourhood of W' . Thus, the push-forward of i defines a map 

i\ : K^{W, dW; (f>) -> K°{W', dW; (/>) 

This map has two important properties. Firstly, as a map from cocycles of the 
form, {Eb2, FsnCt) (see Definition 12.21 and [5]) to i^-theory classes, it is given as 
follows: 

(1) il{EB„FB,,a) ^ [{{nwT{EB,)(E}Pw,{T^dw)*{FB,)®l3ow,a(E)id)] 

(2) -[i{TTwT{EB2)<» (3w,{TTdw)*{FB,)<E> (3Qw,a(S)id)] 
where 

(1) TTw (resp. T^dw) is the projection map from the normal bundle (resp. nor- 
mal bundle restricted to the boundary) to W (resp. dW); 

(2) [f3w] — [f3w] is the Thom class of a normal bundle of W inside W and 
Paw (resp. Pdw) is the restriction of l3w (resp. Pw) to the boundary. The 
reader should note that the bundles which form the Thom class are not 
unique, but the resulting iiT-theory class (i.e., the image of the map il) is 
unique; 

(3) a is the isomorphism from (ttw)* {EB2)\dW' to (T^dw)* (Fbi) 8^ B2 given 

by 

{w, e) (u>, a{e)) 

Notice that the range of this map is, in fact, {ttow)* {Fb^ '^4, i?2)- However, 
this bundle can be identified with {ttow)* {Fb^) (8)0 B2; 
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Secondly, the map can be realized via the Kasparov product with an element in 
KK^{C*{W,dW;(l)),C*{W\dW';(l))). The construction of this element is as fol- 
lows. Let i^w be a normal bundle for i{W) C W' . Then, 

(3) i\ {{13 ®c [t^]) ®CoM0CHi^w,di^w;4>) W) (^C'{,^w ,d,^w,4>) I^l 

where 

(1) /? G KK{C,Co{i'w)) is the Thom class. It is defined in ^ Appendix 
4]; note that we are using the if-theory class rather than the class in 

KK{C{W),Co{i^w))- 

(2) [^i-] G KK{C*{W, dW; (j)),C* {vw ,duw] </>)) is the i^TiC-theory class obtained 
from the *-homomorphism tt : C*{W,dW]4)) — > C*(j^vv, 0) defined 
via (/vKjffw) ^ {fw ° T^iQw ° T^ldiyw) where tt : vw — ^ is the bundle 
projection. 

(3) [l] E KK{Co{iyw) <^ C*{i^w,diyw;(l)),C*{i^w,diyw;(p)) is the i^if-theory 
class obtained from the *-homomorphism 

i : Co{iyw) C* {v\Y ,dvw] 4>) -> C*{vw, dvw](t>) 

defined via h(g>{f^„ , gg^^ ) h-^ ih-f^„ , h\d^„ -govw)'^ ^le^e • denotes pointwise 
multiplication. 

(4) [6] G KK{C*{vw,dvw;(j)),C*{W',dW' ■,(!))) is the iCi^-theory class ob- 
tained from the *-homomorphism 9 : C*{vwidvw',(f)) ~^ C*{W' ,dW'\<p) 
given by extension by zero. 

The reader familiar with pullbacks for C*- algebras will notice that the definitions of 
the *-homomorphisms above (e.g., tt, l, and 9) are obtained naturally from the fact 
that the C*-algebras involved are pullbacks. We will often suppress the algebras 
over which the Kasparov products are taken and use subscript notation when more 
than one push- forward map is required. For example, in this notation Equation |3l 
takes the form 

Proposition 3.3. Let i : W ^ W be a neat embedding. Then, the map il is 
given by taking the Kasparov product with the class, [il]. Moreover, il fits into the 
following commutative diagram: 

K°{W,dW;(j)) ^ K°{W;B2)®K°{dW;Bi) ^ K°{dW;B2) 

K°{W,dW';(j)) K°{W;B2)®K°{W';Bi) ^ K°{dW';B2) 
The horizontal morphisms are given by KK-classes associated to the following *- 
homomorphisms: 

(1) C*{W,dW;(l)) ^ Cq{W,B2) defined via {f,g) ^ f; 

(2) C*{W,dW;4>) Co{W,B2) defined via {f,g) ^ g; 

(3) Cq{W, B2) ^ Co{dW, B2) defined via f ^ 

(4) Co{dW, Bi) ^ CQ{dW, B2) defined via f ^ (j) o f ; 

While the vertical morphisms are given by the standard push-forward classes in 
KK -theory. 

Proof. For the first, let {Eb^ , Fb^ , a) be a cocycle and let T{M; Ea) denote the con- 
tinous section of Ea where Ea is a (finitely generated projective) Hilbert ^-module 
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bundle over M. In this notation, the Kasparov cycle associated to {Eb^ , Fbi , a) is 
given by ^ = {£, p, 0) where 

£ = {{sw,sow) e T(W;EB^)(BT{dW;FBj \ isw)\dw ^ a o (sow ® Ids^)} 

and p is the unital inclusion of the complex number. The product ^ 'S5c'(w,dW;<p) [*■] 
can be explicitly computed and (as the reader can verify) is equal to the Kasparov 
cycle associated to the i\{EB2,FBi,ce)- 

The second of the two statements follows from the action of il on cocycles of the 
form, {EB2,EBi,a), discussed above (see Equation [2]) . □ 

Our goal is the definition of a map, p, : K^{X;<t)) ^ KK*{C{X), SC^). The 
even case is considered first. Given a cycle (VF, ^, /) in Ko{X;(t)), there exists (for 
k sufficiently large) a if-oriented neat embedding, i : W H^'^ and associated 
if X-theory element [il] G KK{C*{W,dW;(l)),C*iH^'',R^''-^;(f>)). There are also 
ifiiT-elements associated to ^ and f : W X; namely 

(1) [[^]] := ^(g) [l] e KK{C{W),C*{W,dW;<j>)). The reader should recall 
that [i] is defined above; it is the KK-theoiy class obtained from the *- 
homomorphism 

t : Co{iyw) 'S> C*{vw, dvw] 4>) C*{vw, dvw] 4>) 

defined via h ® {fi,„ , ) ^ {h • , h\ 

(2) [/] £ KK{C{X),C{W)) is the KK-e\ement naturally associated to the 
*-homomorphism / : C{X) — > C{W) induced from / (i.e., f{g) := / o g); 

Combining these three if if-theory elements gives the desired map. More precisely, 
we have the following definition. 

Definition 3.4. Let fi : KoiX; 4>) KK"{C{X), SC^) be the map defined at the 
level of cycles via 

^^{W,i,f) := [/] ®c(W) [K]] ®C'(w,dw-4>) [»!] ®c*(ff2Mi^'=-i;0) ^ 

where B denotes the if if-theory class which gives the map 

KK{C{X),C*{H^^,M^''-^ ■(!>)) ^ KK{C{X),C*{H^,R;(f>)) = KK{C{X), SC^) 

obtained via Bott periodicity. The map from Ki{X\ (/>) to KK{C{X), C^) is defined 
in a similar way; one uses a neat embedding into iJ^fc+i ^^qj. ^ sufficiently large). 
Since Bott periodicity is a natural isomorphism, we often omit the map induced 
from B. 

A proof that the map p is well-defined is required. It is standard to show that 
the map is well-defined at the level of cycles (i.e., independent of the choice of 
embedding, normal bundle, etc). That it respects the equivalence relation used to 
define if*(X ; (j)) is more involved. 

In particular, further notation and three lemmas are required. The first two 
lemmas are based on [IJ Lemmas 3.5 and 3.6] (the proof of the latter is in Appendix 
B.2 of [4]). As such, the proofs of the lemmas stated here are similar to those for 
these lemmas. The final lemma concerns the functorial properties of the push- 
forward. Again, the proofs is similar to the standard case. The fact that the maps 
are embeddings simplifies the proofs of these lemmas. 
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Lemma 3.5. Let [W^ ^, /) he a cycle in Kt:{X; (f) and V an even rank spin'^ -vector 
bundle over W . Also let s : W ^ S{V © 1) he the north-pole section of W into 
S{V © 1) (i.e., s{w) := (z(m), 1) G S{V © 1) where z is the zero section). Then, 

Proof. Denote S{V © 1) by Z. The vector bundle, V , gives a normal bundle of 
s{W) C Z. Therefore, 

5! = {[Fv] - [F^]) ® [^v] ® Vv] ® [^i-] 

where Fy and F^ are the vector bundle used to define the Thorn isomorphism (see 
[H Proposition A.fO] for details). 

The if-theory class associated to the cycle [W, ^, /)^ is given by 

^*z{0-{[Fz]-[FT]) - ^®[*z]®{[Fz]-[FT])®[iz] 
= ^®{[Fz\-[FT\)®[f^z]'&[iz] 
= ^® {[Fv] - [F^]) ® M ® [#z] ® [iz] 

where (f : Cq{V) C(Z) is the natural inclusion. The reader can check that 

Lz o {id (g) TTz) o {(f (gi id) — 9v o i-v ° {id ® f^v) 

as *-homomorphisms from Cq {V) (g) C* {W, dW; (j>) to C* {Z, dZ ;(!)). The equality of 
these *-homomorphisms implies that 

[if] © [nz] © [lz] = i^v] ® [i-v] «) [Ov] 
This implies the result. □ 

Lemma 3.6. Let W and W be smooth, compact spin'^ -manifolds with boundary, 
i : {W,dW) {W',dW') be a neat embedding and ^ e {W, dW ; (j>) . Then, 

{^®c'(w,aw;<p) W-])®c-(w',dW';ci>) [i-w'] = M'X'c(w) (^®c* (w,aw;<p) [twD^c* (w,aw;<p) 

Proof. Let p : C C{W) denote the *-homomorphism defined via A G C n- 
A • Ivy. It follows from the commutivity of the Kasparov product over C and direct 
calculation that 

^^[p](^Lw{0 

where [p] G KK°{C, C{W)) is the KK-class associated to p. 

Thus, Lw'{^ 'S^ *0 = iwKW ^ t'w{0 ® «!)• From this fact, it follows that if 
i'w{0 ® = {E,p,T), then lw'{S. «0 = {E,p',T) where p' is the composition of 
the inclusion C{W') C* {W , dW ; (j)) and right action of C*{W' ,dW';4>). 

The details are as follows. The Hilbert module in the KK-cyc\e i.w'{[p]'^t-w{0'^ 
i!) is given by 

{C{W) © C{W')) ®c(w)<^c(W') {E ©c C{W')) ©,„., C* {W , dW'- 0) 

As the reader can verify, the map defined on elementary tensors via 

fw ® 9w' © e © hw' © a i-T- fw ■ e ■ {gw'hw'o) 

gives a Hilbert C*{W' , dW; (/))-module isomorphism to E. Moreover, the represen- 
tation of C{W') on E is the composition of the inclusion C{W') C*{W', dW; 4>) 
and right action of C*{W' , dW; </>). The operator T in the original Kasparov cycle 
for iw{0 ® ^-Iso respects this Hilbert module isomorphism. 
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To proceed further, additional notation is required. Given a locally compact 
space Y and C*-algebra A, let Cb{Y; A) be the continuous bounded ^-valued func- 
tions on Y and 

Let TT;/^ : fw — > W denote the projection map and po : C{W) — >■ Cbii^w) be the 
*-homomorphism given by / i->- / o w^^^, . 

Using the definition of i\, the class in ifi^T-thcory, ^05 [tvi/] <8)?!, can be represented 
by a Kasparov cycle, {E,p,T), with the following properties: 

(1) is a Hilbert C*(:^n/, Si^i^; (/>)-module (since the Hilbert module in the 
definition of il is constructed from a Hilbert C*(i^vF, 0)-module and 
the inclusion 9 : C*{uw,duw;(l>) H> C*(VK', 9VK'; (i))); 

(2) T commutes with the action of a : Cb{vw) ^{E) via multipliers of 

(3) The map C{W) C{E) is induced from V'o : C{W) -> Cb{vw)- 
Let h : x [0, 1] — >■ vw be the map defined by (a;, t) — > tx. Then 

^/TTr/\ restriction ^ / \ °f^(:,0 ^ / \ ^/^^^ 

Pt:C{W') Cbiiyw) ^ Cbii^w) ^ C{E) 

defines a homotopy from ■i/'ooiocr to the restriction map C{N) Cbii^w) composed 
with a. These three properties imply that {E,pt,T) is a ii'ii'-homotopy from 
{E, p o i,T) and {E,p',T). □ 

Lemma 3.7. Let {W,dW), {W',dW') and {W,dW) be smooth spin''' -manifolds. 
Ifs : {W,dW) {W',dW') and i : {W',dW) {W,dW') are neat embeddings, 
then 

[s\] ®C'(W',aw) [*!] = [(^ o s)!] e KK{C*{W, dW; 4>),C*{W, dW; </>)) 

Proof. We leave the proof to the reader. In fact, we will only need a weaker result: 
If ^ G K°{W,dW; (/)), then 

O tw) <8> (« o s)\ = <8> iw) O (s! (g) i!) 

This equality follows from a short ii'ii'-theory computation using the fact that the 
push-forward is functorial on iiT-theory and the previous lemma. □ 

Proposition 3.8. Let {W, f) he a cycle in Kt,{X; </>) and V a spin'^ -vector bundle 
over W with even dimensional fibers. Then 

Proof. Let Z — S{V (B 1), iz ■ Z ^ i7" be a neat embedding (we take n even 
for even cycles and n odd for odd cycles), and s : W ^ Z he the neat embedding 
of W into Z via the north pole section of Z. The definition of p, the fact that 
s o TTw = id, and the previous three lemmas imply that 

= [/]«)[7rw]®tz(s!(C))®[?z!] 

= [/] ® [ttw] «) N tw(C) ® [s!] [iz!] 

= [/] ® [s o TTvi/] tTv(0 (g) [(iz o s)!] 

= {f]^m]^[{izos)l] 

= Kw,^,f) 
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The last equality follows since iz o s is a neat embedding (of W into iJ") and the 
independence of the definition of /i on the choice of embedding. □ 

The bordism relation is considered next, but first some additional notation is 
introduced. Recall that 

H^'' ^{{xi,...,X2k)eR''^\x2k>0} 

and let 

i/!^:={(xi,...,a;2fc)eR''-|x2fe<0} 
We will make use of the C*-algebras C*(iJ2fc,R2fc-i; ^) and C* (R^^ ^ 2/c . ^-^^^^ 
with the natural maps 

(1) i? : C*(M2fe,i72fc.^>) ^ C'*(ij2fe^R2fc-i.^) defined by restriction; 

(2) / : Co(M2'''; -B2) C* {R'^'' , Hi'' ■ 0) defined via / ^ (/, 0) where 

. r fix) : xeil^fc 
^ \ : X eHl'' 

(the well-definedness of / follows from the fact that / vanishes at 00); 

(3) / : Co(M2'=;52) ^ C*(i?2fc^K2/c-i.^) defined via (/,g) (/,0). 

It follows from these definitions that Ro I = I. 

Proposition 3.9. If {W,^, f) is a boundary in the sense of Definition [^751 then 
fi(W,^J) is trivial in KK*{C(X),SC^). 

Proof. We prove the result for even cycles; the odd case is similar. The reader 
should recall the notation introduced just before the statement of the proposition. 
Let (W,^, /) be a cycle in Ko{X;(t)) which is the boundary of {{Z,W),riz, g). Fix 
an embedding j : dZ ^ R^*^ such that the restriction of j to C dZ is a 
neat embedding of — > iJ^'^. Denote j\w by i. Let lyj be a normal bundle for 
j{Z) C R2''-. Then ly^ iyj\H2k is a normal bundle for i{W) C ij2fe. 

By definition, n{W,^,f) = [/] ® [[C]] ® [i!] £ i\:ii:"(C(X), C*(il2fc, R2fe-i; 0)). 
Let {M,r],h) denote {dZ, {r]w)B2\dz-,g\dz) and 

liBAM^r^.h) [/i] «.c.(M) [W] ®c(M) [j!] e i^i^"(C(X), Co(R''=) ® B2) 

Standard results (see for example, [12]) imply that is a well-defined map from 
Kq{X\B) to KK^{C{X),B2). In particular, /x^^ vanishes on boundaries. Hence 
/iBj (M, 77, /i) = (since {M,ri,h) is a boundary in X,(X;i?2)). This observation 
reduces the proof to showing that 

(4) fi{W,tf) = hUiB2{M,V,h)) 

where /, : KK"{C{X),Co{m.^'') (g) B2) -> KK"{C{X),C*{H^'',R^''-^ ■,(/))) is the 
map on iiTi^-theory induced from the *-homomorphism, /. 

Let g N be sufficiently large so that the normal bundle i^j translated by 
(0, . . . , 0, N) is contained in int(iJ^'^). For t G [0, 1], let jt denote the embedding of 
M into M^'' defined via jt{m) := j{m) + (0, . . . , 0, Nt) For each t, let 

fi,AM,V,h) = [h] ^c(M) m] ®C'iM,w,;^) btl] e KK°{C{X),C*{R'\H'''-';cf,)) 

where W* := jt{M) n Hi'' and [[fjt]] G KKiC{M),C*iM,Wu (j))) the image of 77 
under the map induced from the *-homomorphism, C*{M,W;(t)) C*{M,Wt;(l>) 
defined via (/, 5) 1— >■ if,g\wt)- It follows from the definitions of /, R, jt, etc that 

R, inj, (M, iy,h))^ fxiW, /) and ^ij, {M, h) = h {plb^ {M, v, h)) 
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Moreover, fij^ (M, h) defines a homotopy between the i^'isT-cyeles {M, h) and 
(Af, h). Hence 

ii{W,^J) = R,{tij,{M,v,h)) 
- R,{fi,,{M,iy,h)) 
= {RoI),{nBjM,iy,h)) 
= I*{f^B2{M,iy,h)) 

As noted in Equation 21 this implies the resuh. □ 

Theorem 3.10. If X is a finite CW-complex, then the map ji : K^{X;(p) — >■ 
KK*{C{X),SC^) is an isomorphism. 

Proof. The main step is to show that the fohowing diagram commutes: 

^ KoiX;Bi) ^ Ko(X;B2) A Ko(X;<P) -A Ki(X;Bi) 

-s- KK<-\C{X),Bi) KK0{C{X),B2) ~ — > KK'^{C{X),SC^) ^ — > KK^(C{X),Bi) -> 

where 

(1) The first exact sequence is from Theorem 12.121 

(2) The vertical maps, jiBi [i = 1,2), are defined at the level of cycles via 
fiB,iM,EB,,f) = [/] «)c(M) [[Eb,]] ®c{,m) [Dm] (see [H] for details); 

(3) The second exact sequence is the long exact sequence in KK-iheovy ob- 
tained from the short exact sequence of C*-algebras 

^ 5*52 -> C0 Bi -J> 

Again, the details of commutativity are given in the case of even cycles; the odd 
case is similar. That fiB2°4'* = 4>* °M-Bi is standard. With the goal of showing that 
Tana ° f^B2 — ° Tgeo in mind, let (A/, Eb2 , /) be a geometric cycle in Kq{X] B2). 
Then 

([/] ® [[EB2]] ® [*!]) 

where i : M ^ M^*' is an embedding. But rana is given by the inclusion of Co(K^'^)® 
B2 — >■ C* {H'^^ \ (f>). It is induced from the natural inclusion, f : M^'^ ^ H'^'^. 
However, the map i o f is a (neat) embedding of M H^^ . Using this embedding 
in the definition of /i, leads to the result. 

Next, the proof that ^JiBl° Sgeo = Sana o fJ. is considered. Let {W, f) be a cycle 
in Kq{X; (f) and i : W ^ H^^ a neat embedding. Then 

lJiBA5aeo{W,iJ))^liBAdW,£,B,J\dw) = [f\aw] ® [[CsJ] ® [Adw^] 
Whereas 

{Sana O ll){W, /) - 5ana{[f] ® [[£]] ® [l!]) = [/] ® [[£]] ® ^ ® [eV^^A 

where ev^2k : C*(ff2fc^ M^'^-i; 0) ^ Co{M?^-^) ® Bi is given by (/,.g) -> g. To 
compare these Xif-classes, three ^-homomorphisms are required; they are 

(1) 7 : C*{W,dW; 0) ^ C{dW) (g) Bi is defined via if,g) ^ g; 

(2) Lw : C{W) (g) C*{W,dW;(j)) C*{W,dW;(j)) is defined above in the dis- 
cussion following Equation |3l 

(3) rw ■ C{W) — > C{dW) is the restriction to the boundary (i.e., rw{f) — 

f\dw)] 
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The KK-c\a.sses associated to these *-honiomorphisins satisfy the foUowing 

(1) [f\dw] = [/] ®c(W) [rw]; 

(2) M^[KbJ] = [K]]®7; 

(3) (g) [ewK2fc] = [7] (g) [i\owl]- 

The proofs of these equahties follows from standard properties of KK-theory. The 
first equality is standard. In regards to the second (i.e., showing that [rvFl^iiCsJ] = 
[[C]] ® 7)1 we consider the case when ^ is given by a triple {Eb2 , Fb^ , a) (rather than 
a formal difference of such triples). The general case follows easily from this case. 
If Ea is a (finitely generated projective) Hilbert A-module bundle over M, then let 
r(M; Ea) denote the continuous sections of Ea- 

Using this notation, the Kasparov cycle ^{Eb^, Fb^to)]] is given by (f,/9, 0) 
where 

E = {{sw.saw) e T{W-EB2)®T{dW]FB,) \ {sw)\dw = 1 o [sgw ® IdB^)} 
and, for g £ C{W), 

pig) ■ isw,sow) ■= (5 ■ sw,g\dw ■ saw) 
On the other hand, the Kasparov cycle [[-FsJ] is given by 

{T{dW;FB,),ip,0) 

where (p is the representation of C{dW) via pointwise multiplication. The Kasparov 
products [r^] (g) [[FgJ] and [[{EB2,FBi,a)]] (gi [7] can be expHcitly computed. The 
methods used in the proof of Lemma 3.4.4 in |15| can be used to prove the equality 
of these KK-elements; the details are left to the reader. 

Finally, that (g [ev-g^2k] — [7] (g) follows from the commutative diagram 

considered in Remark 13.31 

These computations imply that 

[flow] ^ [KbJ] O Waw!] = [,/] «) [rw] ® [KsJ] ® [i\dw^-] 

= [/] ® m] ® [7] ® [^idwi] 

This completes the proof that the diagram given at the beginning of the proof 
commutes. The Five Lemma and the fact that iibi and fiB2 a-re isomorphisms 
for X a finite CW-complex (see for example [TH]) then imply that fi is also an 
isomorphism. □ 

Definition 3.11. Let {W,£„f) be a cycle in Kp{X;(j>) (p = or 1). Then, for k 
sufficiently large, there exists, i : W ^ jj2k+p ^ ^ fC-oriented neat embedding of W 
into the halfspace H'^*'+p , The topological index of (VF,^, /) is defined to be 

indtop{W,^J) :-z!(0 

Using Bott periodicity, we can (and will) consider this as an element in Kp{SC^). 

Corollary 3.12. The topological index map is well-defined (as a map from Kp{X; (f>) 
to Kp{H'^,R;(j>)). Moreover, in the case when X is a point, the topological index 
map is an isomorphism. 

Proof. The first statement follows from the fact that the topological index map is 
given by the composition, c* o ^u, where c : C ^ C'(X) is the natural inclusion and 
fj, is the isomorphism in Theorem 13.101 The second statement follows as a special 
case of Theorem 13.101 □ 
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Remark 3.13. Note that this result is equivalent to the following commutative 
diagram: 

K,{X;^) >KK*{C{X),SC^) 




This diagram does not encode an index theorem. The relevant index theorem 
requires first the definition of an analytic index map. We will take this up in the 
next section; the index theorem is Theorem 14.71 

4. An index map via boundary conditions 

Our goal is the construction of an analytic index map from Kq{X\ 0) to Ki{C,f,). 
This index map will be defined under the assumption that Ki{Bi) = 0. We make 
use of higher Atiyah-Patodi-Singer index theory. In the next subsection, we discuss 
the relationship between the higher Atiyah-Patodi-Singer index and vector bundle 
modification. This discussion is written in a self-contained manner as its main 
result is of some independent interest; it will also serves as an introduction to 
higher Atiyah-Patodi-Singer index theory and the notation required for the second 
subsection. The reader is directed to [T2] and P2] and references therein for further 
details on this theory. 

4.1. Higher Atiyah-Patodi-Singer index theory and vector bundle mod- 
ification. Following [TB], we introduce sonic notation. Let W he a. connected, 
compact, Riemannian spm'^-manifold with boundary with a product structure in a 
neighborhood of the boundary. Also let Wcyi denote the manifold obtained from 
W by attaching a cylindrical end to the boundary of W . In other words, there 
exists e > 0, submanifold Zj. C Wcyi, and spm'^-preserving isometry e : Z,. — > 
(— e, oo) X dW such that 

W = Wcyi - e"^((0, oo) X dW) 

We also let Z := M x DM, e~^((— e, 0]) C W, and p denote the projection 

C/e dW . In an abuse of notation, we refer to dW x (0, oo) when working with 
e-i((0,cx)) x dW). 

Let B be a unital C*-algebra, Eb be a finitely generated projective iJ-Hilbert 
module bundle over W and Sw be the spinor bundle associated with the spin^- 
structure on W. Then, £ := Sw <8)c Eb has a natural Dirac i3-bundle structure in 
the sense of [El Section 2]. We denote the CliflFord connection on this bundle by 
V and assume that this construction respects the product structure of dW C W. 
In particular, £\u^ = p*{8\9w)- 

Let denote the Dirac operator associated to the Dirac bundle restricted 

to the boundary of W. In [18] (also see [H]), a number of operators are asso- 
ciated to the data introduced in the previous two paragraphs. First, however, 
we must perturb the operator on the boundary. Let ^ be a selfjoint operator in 
B{L'^{dW; Sow ^ {EB\dw))) such that + ^ is invertible. The existence of A 
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follows from the vanishing of the index of ^^VF (see fT2\ for further details). In fact, 
we can assume that A is a smoothing operator. Following the notation of [18], let 
Dw{A) be the operator on W associated to higher Atiyah-Patodi-Singer boundary 
conditions and Dyy^^i (A) be the Dirac operator on Wcyi perturbed on the cylinder 
by A. A detailed discussion of these operators (in particular, their construction) 
can be found in [TB', Section 2] . 

Since the latter operator is of more importance in this work, we only give the 
details of its construction. Let denote the Dirac operator associated to the Dirac 
bundle £ over Wcyi and x : ~^ [0, 1] be a function which satisfies 

(1) supp(/) C5W^x (-f ,^); 

(2) For each w € dW x (0, oo), f{w) = 1; 

Denote the Clifford action by c and the vector in the normal direction by xi. Then 
Dw^yi {A) is defined to be the closure of the operator 

— c{dxi)xA 

It has an associated index in the iiT-theory of B. The reader can find further details 
on this construction in [181 . 

Our goal is to consider vector bundle modification as it relates to higher index 
theory for manifolds with boundary. As such, let ^ be a spm'^-vector bundle over 
W with even-dimensional fibers. Further, assume that V respects the product 
structure of dW C W. Using the vector bundle modification operation, we obtain 
from W and V a spz7i^-manifold W :— S{V 1) where 1 denotes the trivial real 
line bundle over W; note that is a fiber bundle over W. Moreover, since W is 
connected, the fiber is S'^'" for some fc g N. By extending the vector bundle V to 
Wcyi , we can also consider the vector bundle modification of Wcyi ■ We denote the 
resulting manifold by Wcyi- 

The vector bundle modification operation affects the bundle data on W as fol- 
lows. Let /? denote the Bott bundle over W; it is a vector bundle and its construction 
can be found in [T]. Then the Hilbert B-bundle on W is given by ■k*{Eb) ®c P 
where : W ^ W \s the projection map. By the two out of three property of 
spin^-vector bundles (see for example [3]), there is a spin'^-structure on W . We 
let Sy^ denote the spinor bundle associated spzn'^-strucuture and £ denote the B- 
Dirac bundle Sy^ ® 'k*{Eb) ®c P- These constructions can also be applied to Wcyi- 
In an abuse of notation, we denote the Bott bundle over Wcyi also by (5 and the 
B-Dirac bundle over Wcyi also by £- Based on this discussion, we can construct 
the associated operators discussed in the preceeding paragraphs (this time on the 
manifolds W and Wcyi)- However, the construction of these operators involved the 
choice of operator A- We would like to construct from a choice of A on the base W 
a natural choice of such an operator for W- 

The desired construction and the main result of this subsection are the content of 
the next proposition. The proof requires the following lemma which is a well-known 
result in ifX-theory (cf. 3, Lemma 2.7] in the case of analytic if-homology) . 

Lemma 4.1. Let (£,p,F) be a Kasparov cycle representing a class in KK'^{A,B) 
and suppose that T G J~'{£) is a self-adjoint, odd-graded involution which commutes 
with action of A and anticommutes with F. Then the class (in KK°{A,B)) of 
{£, p, F) is zero- 
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Proposition 4.2. We use the notation introduced in the previous few paragraphs. 
For example, W denotes a compact spin'' -manifold with boundary, Eb a bundle 
of finitely generate projective Hilbert B -modules, and V a spin'' -vector bundle over 
W with even dimensional fibers. Then, given a choice of Dirac operator on W 
and self adjoint operator A (see above), there exists a Dirac operator on W and 
selfadjoint operator A such that 

■mdAPs{Dw{A)) = mdAPs{D^{A)) € K^B) 

The reader should note that the Dirac operator on W and A are defined in the proof. 

Remark 4.3. A word or two on the statement of the proposition seems in order. 
Perhaps most importantly, the proposition does not imply that the higher Atiyah- 
Patodi-Singer index is invariant under vector bundle modification. The specific 
choice of spectral section and Dirac operator on the manifold W are important to 
the proof. These operators are constructed via a partition of unity agrument. 

In this regard, the statement of the theorem is unsatisfying in a number ways. In 
particular, one would hope to find a canonial construction of a spectral section on 
the modified manifold given one on the base; our construct of the spectral section 
is quite ad hoc. Despite this, the theorem suffices for our purposes. 

Proof. The structure of the proof is as follows. By [181 Propostion 2.1], the proof 
will be complete upon showing that the operators Dw^^i {A) and D^^ ^ {A) have 

the same index; of course, the construction of A and the Dirac operator are also 
required. Apart from these constructions, the proof consists of two steps 

(1) proving the result in the case when V \s a, trivial vector bundle. The reader 
should note that in this case, W — W x S^''; 

(2) using a partition unity argument to treat the case of general V; 

As such, the steps in the proof are the same as those in the proof of Proposition 
3.6 in The case when W is even dimensional is considered in detail; the odd 
case is left to the reader. 

The case when is a trivial bundle is considered first. In which case W = 
W X 5^''' and we can take the product of the Dirac operators to form the Dirac 
operator onW x S'^^. Let A := ® where 

^' : {{Sw ®c EA)\dw) ^13 ^ Saw ®c EaIow (»c P 

is defined as in [18, page 6]. It follows that A is selfadjoint and ^gvi/xs^^ + ^ is 
invertible. To see that the latter of these statements holds, one notes that 

{$dWKS^'' + Af = {$dw + Af®I + I® 0%^ 

where $gw ^-^d $s'^k ^-re respectively the Dirac operators on dW and S"^^ . That 
this operator is invertible follows since -\- A)"^ is invertible and both operators 

are positive. The invertiblity of the original operator follows since it is selfadjoint; 
in particular, 

{$g^ + Af = {$sw + Ar{$Qy, + A) 

Let denote the (graded) algebraic tensor product and S denote the spinor 
bundle of S"^^ . Then, on 
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the twisted Dirac operator on Wcyi x S has the form 

In fact, operator ^xS^fc — c{dxi)xA also decomposes m this way. That is, on 
Ce°°(Mcy,;£:)0C°°(S'2fc;5® /3), it is equal to 

i^w.y, + c{dxi)xA)(g)I + /(g)^s2. 

Here, the reader should note that x ^-^d x are related as follows: x ■ ^cyi x 
^2fc _^ jg^ j^j (jggned via x{w, z) := x{w)- The closure of the above operator (i.e., 
-C'lv^j^, xS^fe (A)) therefore has the form 

Dw^^^y^s^" {A) = Dw^y, {A)® I + I®Ds2k 

as an operator on 

We now apply techniques from [3]. Namely, the Hilbert module on which the 
operator D^^^^^y,g2k{A) acts (as an unbounded operator) decomposes as follows 

L^iWcyix S^'';£) ^ L^Wcyi;£)^L^iS^'';S(g>l3) 

^ {L^{Wcyi;£)(E)kei{Ds2k)) © {L''{Wcyi;£)(E)keT{Ds2k)^) 

Moreover, the operator respects this decomposition. That is, if P denotes the 
projection onto L'^(Wcyi;£)^iieT{Dg2k), then 

i^H-.^, x5- (A) = PDw^^^^s-- {A)P + P^Dw^y, xs^^ {A)P^ 

The operator PD^/^^^yg2k{A)P acts as Dw^yi [A) on L'^iWcyc', £)®keT:{D g2k); to see 
this, the reader should note that \Lei{Dg2k) is one dimensional and is given by the 
span of an even section (see [3l Proposition 3.11]). 

This reduces the proof (of the special case when V is trivial) to showing that 
inA{P-^ D^r^y^y^S'^''{A)P-^) = 0. To this end, consider the operator 7 (g) T where 7 
is the grading operator and T is the partial isometry in the polar decomposition 
of Dg2k. As the reader can verify (see also [31 Section 4]) this operator is an odd 
graded involution on L^(M; £)^'ker{Dg2k)'^ . Moreover, 7 (g) T anti-commutes with 
P^D^'"^^^g2^{A)P^. Lemma [HI] implies that md{P^DMxS^>'P'^) is zero. This 
completes the proof in the case when y is a trivial vector bundle. 

The general case is now considered. As such, let be a general spm'^-vector 
bundle with even-dimensional fibers. We must construct the Dirac operator and 
the operator, A. 

But, we begin with the Dirac operator on the boundary of W . Again, the reader 
should compare our construction here with the one in the proof of Proposition 3.6 
in [5]. Denote the principal spm'^ (2 A;)-bundle associated to the spm'^-structure of 
dW by Vgyy- Let {Ui} be a finite open cover of dW such that {Vg^)\ui is trivial 
for each i. For each i, fix a particular trivialization. Also, fix a smooth partition of 
unity {di} which is subordinate to the cover. For each Ui, we define an operator 0i 
by letting it act as the Dirac operator of the boundary in the ?7i-direction and the 
identity in the direction of the group. Finally, let R equal the operator obtained by 
averaging J2i '^i^i'^i over the action of the group. The operator, i?, is a first-order. 
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formally self-adjoint, equivariant operator (see ^). Moreover, we have that the 
Dirac operator on dW has the form 



R(E)I- 



The A operator is constructed in a similar way. For each i, let Ai be the operator 
which acts as A in the Ui direction and the identity in the group direction. Let A be 
the operator obtained by averaging J2i <^iAiai over the action of the group. Finally, 
let A = Then, as in the case of modification by a trivial vector bundle, we 

have that 

(1) A is a self-adjoint operator; 

(2) + A is invertible; 

One should also note that 



A= {R + A)'SiI + I'SiDs2k 



This completes the construction of A. 

The construction of the operator on Wcyi proceeds as follows. Let Vcyi denote 
the principal spin'^ (2fc)-bundle associated with the spin'^-structure of Wcyi- Let 
{Vi} be a finite open cover of Wcyi such that, 

(1) the bundle, 'Pcyi\vi is trivial for each j; 

(2) for each i, Vi n d{W x (— e, oo)) is empty or equal to Uj x (— e, cxd) for some 

j; 

The reader should note that although Wcyi is not compact such a cover exists. 

We will use this cover to construct the Dirac operator. The reader should recall 
(see also [3]) that this operator acts on 



[L\Vcyi)®L\S^'^)X'"'^^"'^ 



where we have suppressed the relevant bundles from the notation. In the same way 
as in the construction of the Dirac operator on the boundary, we can construct an 
operator, i?, such that the Dirac operator takes the form 



'w 



R(g}I + I(E}0S2k 



As in the construction of the Dirac operator on the boundary, i? is a first-order, 
formally self-adjoint, equivariant operator. Moreover, the closure of the operator 
0^ — c{dxi)xA (i.e., D^(A)) decomposes in a similar way. Namely, 

Dy^,^^^ (i) = R{A)i)I + I®Ds2k 

The argument given in the case of a trivial bundle applies here also. It implies that 
ind(Z)^(A)) = uid{Dw{A)). To see this, one needs to check that the restriction of 
D^{A) to 

-1 s'pin'^ {2k) 

acts as Dw{A) once this subspaces has been identified with L'^{W;£). However, 
this fact follows by the construction of the operators R and A. □ 



INDEX MAPS AND MAPPING CONES 



19 



4.2. The analytic index map. For this development, it is more convenient to 
work with the cycles of the form given in Definition 12.21 (i.e., cycles containing 
bundle data). In fact, we need only consider cycles in ifo(pi;</') since the general 
index map will be defined by 

inda„a : Ko{X; cj)) Ko{pt; cj)) Ki{C^) 

where the first map is defined at the level of cycles via (IV, (-Es^ , i^Sn Q!)i /) ^ 
(VF, (£'^2 , -Fsi , a)) and the definition of the second map is the main objective of 
this section; the second map will also be denoted simply as vadana- To be precise, 
the geometric data considered in this section is the following. Let 

(1) W be an even-dimensional compact spin'^-manifold with boundary; 

(2) Eb^ be a (finitely generated projective) Hilbert i?2-module bundle over W\ 

(3) be a (finitely generated projective) Hilbert i?i-module bundle over dW] 

(4) a : Fbi ®0 i?2 Eb2 is an isomorphism; 

The starting point for defining this index is the vanishing of index of the boundary 
operator (see for example PJJ). As such, to define the analytic index map from the 
Ko{X; (j)) to Ki[C^), we assume that 

/^i(Bi) - 

However, to define it, additional geometric data must be fixed. Let 

(1) g denote a Riemannian metric on W which is a product metric in a neigh- 
borhood of dW] 

(2) ^ Fb-^ a connection compatible with g\Qw'i 

(3) V^;^ a connection which is compatible with g,^ Fb -i and the bundle iso- 
morphism a; 

(4) P a spectral section for the operator on the boundary (i.e., Dqw^Fb^ )\ 
With all this data fixed, results from 11 imply that there is a well-defined index 

inAAPs{D^,EB,) e ^0(^2) 

However (as an element of Kq{B2)) it depends on these choices (e.g., the metric, 
connections, and spectral section). We will show however that the image of this 
class under r* : Kq{B2) Ki{C^) is independent of these choices. 

To do so, a number of properties of the higher Atiyah-Patodi-Singer index are 
required. These properties are that the higher Atiyah-Patodi-Singer index, spectral 
fiow, and difference construction of spectral sections are each functorial. The func- 
torial properties of this index are discussed in (14[ Appendix C] while for spectral 
fiow and the difference construction the reader can see |17) . 

To state these properties precisely, additional notation is required. Recall that 
(j) : Bi ^ B2 IS & unital *-homomorphism and is a compact spin'^-manifold with 
boundary. Further assume that Fb^ is a (finitely generated projective) Hilbert Bi- 
module bundle over all of W. Let P and Q be spectral sections for DQi^FBi\aw 
The following three properties will be used 

(5) ^*{^^d%s{D^.EBj) - indf^s(<£\«,Bj 

(6) (l)^(si{D9w,EB^\aw,f^P^Q)) = iiKDdW,EB^\ow®^B2,u(t>*iP)^'l^*iQ)) 

(7) M[P-Q]) = [MP)-MQ)] 

where 
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(1) D^j ^ denotes the Dnac operator on M twisted by E with the boundary 
conditions associated to the spectral section P; 

(2) indAPS denotes the higher Atiyah-Patodi-Singer index; 

(3) sf( • ) denotes spectral flow (see [T^ for further details); 

(4) [P — Q] e Ko{Bi) denotes the difference class of P and Q (again further 
details can be found in [12] or [17]): 

Definition 4.4. Let {W, {Eb^ , Fbi ,«),/) be a cycle in Kq{X; 0) such that 

mdAs{Daw,FB,) = Ki{Bi) 

Then, 

indanaiW,{EB2,FB,,a)J) := r^indAPsiD^^EBj) ^ ^1(^0) 

where P is any spectral section for Dqw^Fb^ ^-i^d ^* • Kq{B2) Ki{C^) is the map 
on 7^-theory induced from the *-homomorphism r : SB2 — > C^. 

Proposition 4.5. Let {W,{Eb2t FB-^,a), f) be a cycle in Kq{X; (j)) and assume that 
ind^g (Dqw) — 0. Then, the map 

iW,{EB,,FB„a)J) ^ n{md%s{Dw,EB,)) 
is well-defined as map on (isomorphism classes of) cycles. 

Proof. A proof that the index map is well-defined at the level of cycles amounts to 
showing the right-hand side of the equation is independent of the choice of metric, 
connection, and spectral section used to define the higher Atiyah-Patodi-Singer 
index. We begin with a special case; let 

(1) {gt}t£[o,i] be a one parameter family of Riemannian metrics on W; 

(2) V_Fb^ be a one parameter family of connections on Fb^ which is compatible 
with gt\dw] 

(3) V Eb2 .t be a one parameter family of connections on Eb2 which is compatible 
with gt and with the family of connections Vi^j^^.t; 

(4) Pt be a one parameter family of spectral sections for Dqw,Fb^ ■ 

Set P = (j)^{Pt). By functorial properties of spectral sections and the fact that 
EB2\dw — Fb^ ®4,B2, both Pq and Pi are spectral sections for DQw^EBi\dw Using 
this data, the following indices are well-defined: 

uidAPs{F>w,EB2^ ^'^'^ indAPs(£'w,BB2) 
Then, [TI] Proposition 8] implies that 

uvdAPs{.F>w,EB2^ - uvdAPs{F>w,EB2^ = sf ({^aiv.(£;B,)|a„,,t; -Fb, -Pi) e IU{B2) 

where sf(Z?an/_^|3,^ f ; Pq: -Pi) is the spectral flow of the family of operators on the 
boundary (again see [H]). Functorial properties of spectral fiow (i.e., Equation [S]) 
imply that si{DQw,EB ,t] Po, Pi) is in the image of 0,. Exactness (i.e., o0,) leads 
to 

r4mdAPs{D^^EB2)) - r,{mdAPs{D^^EB2^) = G K\{C^) 

This completes the proof of the special case. 

The only different for general case is that we cannot assume that the spectral 
sections, Pq and Pi, are joined via a one-parameter family. However, there does 
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exists a family of spectral section Qt. As above, set Fq — 4'*{Pq), Pi — 4'*{Pi), and 
Qt — 4>*{Qt)- Then, using [11] Proposition 8 and Theorem 8], we have 

indAPsiD^^EB^ ) - indAPsiD^,EB^ ) = indAPsiD^.Es^ ) " ^'^'^APsiD^.Es^ ) 

-ind^PSp^'^;,^ ) + mdAPs{D^]Es, ) 

= [Qo - ^O] + [^'l - Qo] 

+sf{{Dow,iEB2)\aw,U Qo, Ql) 

Applying to this equation and using the functorial properties of the difference 
classes and spectral flow leads to 

r,{indAPsiD^,EB,)) - r*iindAPs{D^,EBj) ^ ° '^*)([Qo - ^o] + [A - Qo] 

+sf({£'aH',(i=^Bj,t; Qo, Ql)) 

Exactness then implies the result. □ 
Theorem 4.6. If Ki(Bi) = 0, then there is a well-defined index map 

liana- Ko{X-,4>)^Ki{C^) 

given by the analytic index map defined in Definition \4.4\ (i-e., via the higher Atiyah- 
Patodi-Singer boundary condition problem on the manifold with boundary in a cy- 
cle). 

Proof. The assumption Ki{Bi) = implies that conditions of Proposition 14.51 are 
satisfied for any cycle in Ko(X; </)). Thus the index map is well-defined at the level 
of cycles. We need to show that the map respects the three relations. 
Disjoint union/direct sum: This follows from basic properties of the higher 
Atiyah-Patodi-Singer index. 

Bordism: The setup is as follows. Let {Z,W,{E'^__^,F'^_^,a'),g) be a bordism and 
{W,{EB2,FBi,a),f) denote its boundary. Denote by {M,VBi,h) the K^{X; Bi)- 
bordism obtained by restricting the given data to the spin'^ manifold with boundary, 
dW — int(M^). Let P and Q be spectral sections for Dqw,Fb^ and ZJ^m, Vs^laAf 
respectively and P and Q denote the spectral sections (for Dqw,Fb-^^^4,B2 and 
P^dM,VBi\dM®^B2 respectively) obtained via the *-homomorphism (j). Using [TTJ 
Theorem 8] and the functorial properties listed above, the indices on the various 
manifolds (we suppress the bundle data from the notation) involved are related via 

indf^5(i?^) + 0,(indf^<,(i5i7«) = ■md%s(Dl.)+ind%s{D[-'^) 

= ind%{DwuM) + [P-Q] 
= ind%{DwuM) + M[P ~ Q]) 

The fact that o 0^ = implies that 

l^ana{W, [E b^, , o) , f) = r^(ind%g{Dw)) = r^(\nd%{Dw\jM)) 

Finally, the bordism invariance of the Mishchenko-Fomenko index and the fact that 
W U M = dZ (the bundles respect this bordism) imply that the right-hand side of 
this equation vanishes. This proves the required bordism invariance. 
Vector bundle modification: Let {W,{EB2,FBi,a, f) denote a cycle and V a 
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spzn'^-vector bundle of even rank over W. Since the higher Atiyah-Patodi-Singer in- 
dex respects disjoint union, we may assume that W is connected. Using Proposition 
14.21 we have that 

■mdAPs{Dw{A)) = mdAPs{D^{A)) G Ko{B2) 

where we have used the notation of Proposition l4.2l However, the definition of ^ana 
is independent of the choice of spectral section (see Proposition 14. 5[) . As such, 

^iana(W,{EB,,FB„aJ)) = (iud^^g (i^iv (^))) 

□ 

Theorem 4.7. Suppose that Ki(Bi) ^ so that analytic index is well-defined. 
Then the topological index and analytic index are equal. In particular, the analytic 
index in the case when X is a point is an isomorophism. 

Proof. The second statement in the theorem follows from the first and the fact that 
the topological index is an isomorphism in the case of a point. To prove the first 
statement, note that both the topological index and analytic index factor through 
the map 

Ko{X;(l))^Ko{pt;^) 

defined at the level of cycles via {W, ^, /) n- (W, ^). Thus, we need only show that 
they give the same isomorphism from Ko{pt; (j>) to Ki{C^). Since Ki{Bi) = 0, the 
map : Ko{pt; B2) Ka{pt\(f)) is onto. This implies that given a cycle (W, ^) £ 
Ko{pt;4)) there exists closed compact spin'^-manifold M and 77 € K^{M]B2) such 
that r{M,r]) ~ (W,^). The result follows, since both the topological and analytic 
index of {W, ^) are equal to o mdKa(B2){^'^j v) where indxo(B2)i^^^ v) denotes the 
Mishchcnko-Fomenko index and : K^,{B2) K^,+i{C^) the map on i^T-theory 
induced from the natural *-homomorphism r : SB2 — >■ C^. □ 

Remark 4.8. Assuming that Ki{Bi) = 0, the proof of the previous theorem 
implies that any index map Ko{X;(t)) KK{C, SC^) which agrees with the 
Mishchenko-Fomenko index on cycles without boundary is equal to the topolog- 
ical index map. In particular, this statement holds (up to a factor of —1) for the 
index map discussed in [5; for the special case when (j) is the unital inclusion of the 
complex number into a Ili-factor. Note that since the index map discussed in [5] 
takes values in R/Z, we must fix the isomorphism from KK{C, SC^) to R/Z to be 
the one compatible with isomorphism from KK{C,N) to R defined via the trace 
of the Ill-factor, TV. 

Acknowledgments 

The author thanks Heath Emerson, Magnus Goffeng, Nigel Higson, Ralf Meyer 
and Thomas Schick for discussions. This work was supported by NSERC through 
a Postdoctoral fellowship. 

References 

[1] p. Baum and R. Douglas. K-homology and index thoery. Operator Algebras and Applica- 
tions (R. Kadison editor), volume 38 of Proceedings of Symposia in Pure Math., 117-173, 
Providence RI, 1982. AMS. 



INDEX MAPS AND MAPPING CONES 



23 



[2] P. Baum and R. Douglas. Index theory, bordism, and K -homology. Contemp. Math. 10: 1-31 
1982. 

[3] P. Baum, N. Higson, and T. Schick. On the equivalence of geometric and analytic K- 

homology. Pure Appl. Math. Q. 3: 1-24, 2007 
[4] P. Baum, H. Oyono-Oyono, T. Schick, and M. Walter. Equivariant geometric K -homology 

for compact Lie group actions, to appear in Abhandlungen aus dem Mathematschen Seminar 

der University of Hamburg. 2010. 
[5] R. Deeley. R/Z-valued index theory via geometric K-homology. larXiv:1206.5662 2012. 
[6] H. Emerson and R. Meyer. Bivariant K-theory via correspondences. Adv. Math. 225 no. 5 

2883-2919, 2010. 

[7] D. S. Freed. "L/k -manifolds and families of Dirac operators. Invent. Math., 92; 243-254, 1988. 
[8] D. S. Freed and R. B. Melrose. A mod k index theorem. Invent. Math., 107: 283-299, 1992. 
[9] N. Higson and J. Roe. K-homology, assembly and rigidity theorems for relative eta invariants. 

Pure Appl. Math. Quar. Vol 6, 2:555-601, 2010. 
[10] G. Kasparov. Equivariant KK-theory and the Novikov conjecture. Invent. Math. 91 no. 1, 

147-201, 1988. 

[11] E. Leichtnam and P. Piazza. Dirac index classes and the noncommutative spectral flow. J. 

Funct. Anal. 200 no. 2, 348-400, 2003. 
[12] R. Melrose and P. Piazza. Families of Dirac operaotrs, boundaries, and the b-calculus. J. 

Differential Geom. 46 no. 1, 99-180 1997. 
[13] R. Meyar and R. Nest The Baum- Cannes conjecture via localisation of categories. Topology 

45 no. 2, 209-259, 2006. 

[14] P. Piazza and T. Schick. Bordism, rho-invariants and the Baum-Connes conjecture. J. Non- 
commut. Geom. 1 no. 1, 27-111 2007. 

[15] J. Raven. An equivariant bivariant chern character, PhD Thesis, Pennsylvania State Univer- 
sity, 2004. (available online at the Pennsylvania State Digital Library). 

[16] T. Schick. L'^-index theorems, KK-theory, and connections, New York J. Math., 11: 387-443 
2005. 

[17] C. Wahl. On the noncommutative spectral flow. J. Ramanujan Math. Soc. 22 no. 2, 135-187 
2007. 

[18] C. Wahl. Product formula for Atiyah-Patodi-Singer index classes and higher signatures. 
arXiv:0811.0091V2 2009. 

[19] M. Walter. Equivariant geometric K-homology with coefficients. Diplomarboit University of 
Goettingen. 2010. 

Email address: rjdeeley@uni-inath.gwdg.de 



MATHEMATISCHES INSTITUT, GEORG-AUGUST UNIVERSITAT, BUNSENSTRASSE 3-5, 
37073 GOTTINGEN, GERMANY 



